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Abstract

Embedded converging surface microchannels are developed as effective new ways of reducing entropy production in

boundary layer flow with convective heat transfer. A similarity solution with slip-flow boundary conditions is developed

to find the spatial distributions of velocity, temperature, wall shear stress and wall heat flux. Mixed Knudsen number

conditions along the surface require both slip-flow and no-slip formulations to be combined in an integral solution.

Predicted results from the method of EBSM (entropy based surface micro-profiling) are presented for the optimized

microchannel aspect ratio, spacing between adjacent microchannels and the angles characterizing the converging

microchannels.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Microfluidics technology has promising potential in

numerous practical applications, i.e., bio-chemical

sensors, microelectronics cooling, turbomachinery for

micro heat engines and others. Gad-el-Hak [1] presents

a comprehensive review of recent advances in microflui-

dics technology. This article considers embedded surface

microdevices and microchannels for purposes of thermal

control and reduced entropy production. For example,

pulsating micropistons or microtabs enabled by micro-

engines beneath a heated surface could be used to delay

boundary layer separation and reduce wall friction. In

this article, surface manipulations with open microchan-

nels are considered, so that exergy losses in external flow

can be minimized. System input power can be reduced
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with this new method, in view of drag reduction and

heat transfer enhancement, when local rates of entropy

production are minimized.

Past research [2] has shown that certain converging

and diverging microchannel profiles can affect the

boundary layer separation downstream of a curved sur-

face. Such flow control can be used for practical pur-

poses. For example, a shear-driven surface film can be

ejected by the surrounding air stream to reduce icing

of aircraft engines [2]. Adaptive surface micromachining

involves a new type of controlled surface roughness,

with an added benefit of allowing more detailed design

of surface geometrical parameters. This article focuses

on passive (non-moving) surface manipulations. But it

is anticipated that future developments could extend

these techniques to moving surface components opti-

mized at micron and sub-micron scales.

Liquid flows in microchannels can be generated by a

pressure difference, electrical potential difference or
ed.
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Nomenclature

d depth of microchannel (m)

k thermal conductivity (W/m K)

K1 slip coefficient

Kn Knudsen number (mean free path divided

by characteristic length scale)

L length of plate (m)

n number of microchannels

q 0 heat flow per unit length (W/m)

Re Reynolds number

T temperature (K)

u freestream velocity

W width of plate (m)

Ws width of microchannel (m)

Greek symbols

/ irreversibility distribution ratio

k surface parameter, (Ws + 2d)/W

l dynamic viscosity (kg/m s)

f surface parameter, d/W

Subscripts

w wall

1 ambient (freestream) value
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thermocapillary pumping. Depending on the local

Knudsen number, slip-flow conditions may be experi-

enced [3]. Pressure-driven flow of water through trape-

zoidal microchannels was investigated by Qu et al. [4].

Various cross-sectional profiles of microchannels have

been studied previously, including circular profiles of

microtubes [5], rectangular microchannels exposed to a

freestream [2] and others. Microfluidic transport is lar-

gely affected by interfacial phenomena, such as surface

tension and roughness effects. Thermocapillary pumping

is a surface tension based mechanism of microfluidic

pumping action. Important parameters affecting such

pumping action include thermal conductivity and veloc-

ity of the liquid droplets [6]. Due to surface tension vari-

ations with temperature, differences of tension forces

between both ends of a droplet lead to an effective pres-

sure difference across the droplet, thereby inducing

microfluidic motion.

By following the trajectory of a microscopic latex

bead through water, Wang et al. [7] claimed that tempo-

rary conversions between internal and mechanical en-

ergy within the water molecules lead to microfluidic

violation of the Second Law of Thermodynamics. The

6-lm diameter bead was pulled through water by an

infrared laser confining the bead between two beams.

But occasionally the bead was pushed ahead when en-

ough water molecules bounced into the bead simulta-

neously with a more orderly arrangement of molecules

(analogous to a barge suddenly jumping ahead of a tug-

boat pulling it). Despite the follow-up skepticism and

controversy surrounding such claims [8], the Second

Law considerations of microfluidic transport remain a

relatively new and undocumented subject, particularly

in the engineering literature.

However, past research has outlined the significance

of the Second Law in thermal engineering applications.

The principle of equipartition of forces (EoF) and a

lower bound on entropy production are used by Num-
medal and Kjelstrup [9] to identify certain operating

boundary conditions for better heat exchanger perfor-

mance. Naterer and Camberos [10] presented a review

of past numerical studies in such applications, including

heat exchangers, power generation, aircraft sub-systems

and materials processing. Johannessen et al. [11] re-

ported that the total irreversibilities within a heat ex-

changer are minimized when local entropy production

is constant throughout all parts of the system.

Furthermore, an apparent entropy production differ-

ence, which arises from an unexpected difference be-

tween positive definite and transport forms of the

Second Law, offers a useful error indicator for thermo-

fluid applications [12]. Turbulent entropy production

in a plane jet with quasi-periodic lateral oscillations is

documented by Cervantez and Solorio [13]. Modeling

of entropy transport processes in other flow regimes,

such as phase change heat transfer [14–16], convective

heat transfer [17], compressible flows [18,19] and others

[20] has been reported in the technical literature.

When performing optimization studies, such as min-

imized entropy production in thermofluid systems, sur-

face shape is often used as a key design parameter.

Search methods for thermal and fluid system optimiza-

tion have been outlined by Jaluria [21]. Geometric shape

optimization of aircraft surfaces can be successfully

accomplished by genetic algorithms [22] and adaptive re-

sponse surface methods [23]. For certain geometrical

configurations, methods of optimization based on

multi-variable calculus and Lagrange multipliers [21]

can be utilized successfully.

This paper applies analytical methods to the optimi-

zation of external flow configurations, which exhibit re-

duced entropy production due to slip-flow conditions

within embedded microchannels along the surface. Un-

like past methods which have optimized macroscale

characteristics of surface geometries, this paper offers

new insight regarding how surface micro-profiling can
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reduce entropy production of external flows past stan-

dard configurations and surfaces.
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Fig. 2. Geometric configuration of converging microchannels.
2. Fluid flow and heat transfer formulation

External flow past a flat surface with embedded open

microchannels is considered (see Figs. 1 and 2). This flow

configuration closely resembles flat plate boundary layer

flow, with a Blasius similarity solution for streamwise

changes of flow variables (documented in Ref. [16]). The

open microchannels are aligned parallel to the incoming

flow along the surface, with micron or sub-micron scale

depth. Unlike random surface roughness, the well-con-

trolled geometrical profiles of these embedded microchan-

nels allow effective optimization for drag reduction and

heat transfer enhancement. This newly proposed tech-

nique is called EBSM (entropy based surface micro-profil-

ing). A basic geometry of flat plate flow is considered in

this article, but once the performance and feasibility are

well established, it is viewed that the technique can be

readily extended to more complex geometries.

In the x–z-direction (i.e., side view within a micro-

channel), a Couette-type flow is encountered. A Couette

flow refers to a 1-D shear layer enclosed by fixed veloc-

ities at both edges of the layer. For example, a linear

variation of velocity occurs between a moving plate

and a stationary wall below the plate. In the case of

the open microchannel, a non-zero Blasius velocity

and slip velocity are encountered at the top and base

of the microchannel. Diffusion dominated transport of

momentum in the z-direction is considered to yield a

similar linear profile between both edge velocities. The

slope of this profile decreases in the x-direction, as

the top velocity changes in the slip-flow pattern of the

boundary layer development.

A front-view of the plate in the z–y-direction at a

fixed x-location reveals other aspects of the varying

velocity profile. An analogous assumption to the no-slip

Blasius solution is adopted, whereby cross-stream flow is

neglected and the z- and y-velocities are assumed to be

negligible, relative to the streamwise (x-direction) veloc-
T∞u∞
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Fig. 1. Schematic of embedded surface
ity component. A ‘‘driven cavity flow’’ refers to 2-D

shear-driven flow within an open cavity. This type of dri-

ven cavity flow does not represent the current flow con-

figuration, since the fluid at the top of the cavity is

flowing perpendicular to the cross-section of the cavity,

rather than parallel to the cross-section.

Transition between slip-flow and no-slip regimes oc-

curs at the top corners of the embedded microchannels.

Consider a slip-flow embedded microchannel, with a

Knudsen number and characteristic length based on

both depth and width. At the top corners, the near-wall

slip-flow profile approaches no-slip behavior before

reaching the top edge of the microchannel. This transi-

tion occurs because the local Knudsen number decreases

at the top edges of the microchannel. This region of

transition may produce a small sub-micron semi-circular

type zone of influence at the top corners.

Unfortunately, little or no experimental data (to the

author�s knowledge) has been reported in the technical

literature regarding such slip-flow variations arising

from this transition. Past studies have mainly reported

slip-flow coefficients based on measured mass flow rate

slopes against various pressure differences in closed
Tw
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microchannels. The current transition regime and mixed

Knudsen numbers would not arise in those cases.

Furthermore, the measurements yield a single (net) coef-

ficient, without spatial variations across the microchan-

nel. In this study, a single coefficient simulates a spatial

variation and transition regime in a similar fashion.

Analytical solutions of laminar boundary layer flow

can be determined by methods of similarity variable

analysis (documented in Ref. [16]). The predicted veloc-

ity field, u, from this method for flat plate boundary

layer flow can be expressed in terms of a similarity var-

iable, g, freestream velocity, u1, and a stream function

derivative as follows,

u
u1

¼ f 0ðgÞ ð1Þ

where

g ¼ y

ffiffiffiffiffiffi
u1
mx

r
ð2Þ

Transforming the 2-D, steady, laminar boundary layer

equations with this similarity variable, the governing

equation for mass and momentum transport within the

boundary layer becomes

f 000ðgÞ þ 1

2
f ðgÞf 00ðgÞ ¼ 0 ð3Þ

This non-linear ordinary differential equation is solved

by a Runge-Kutta method, subject to boundary condi-

tions of f 0(1) = 1 and f(0) = 0. The no-slip condition

at the wall is f 0(0) = 0.

An analytical solution can be obtained from succes-

sive integrations as follows,

u� ¼ u
u1

¼ f 0ðgÞ ¼
R g

0
exp �

R g
0
f =2dg

� �� �
dgR1

0
exp �

R g
0
f =2dg

� �� �
dg

ð4Þ

It can be shown that the functional forms of the momen-

tum and thermal energy equations are equivalent, so a

similar procedure yields the following approximation

for the non-dimensional temperature within the bound-

ary layer,

hðgÞ ¼ T � T w

T1 � T w

¼
R g

0
exp �Pr

R g
0
f =2dg

� �� �
dgR1

0
exp �Pr

R g
0
f =2dg

� �� �
dg

ð5Þ

When the Prandtl number of the fluid is close to 1 (com-

mon fluids such as air), the previous expressions for non-

dimensional velocity and temperature become identical.

For the case of a slip-flow condition at the wall, the

boundary condition involves the non-zero wall velocity

and the spatial gradient of velocity (second derivative

of the stream function at the wall), so that

f 0ð0Þ ¼ K1f
00ð0Þ ð6Þ

where

K1 ¼
2 � r

r

� 	
KnxRe1=2

x ð7Þ
Also, Knx and Rex are the local Knudsen and Reynolds

numbers, respectively. This boundary condition implies

that the slip-flow velocity at the wall increases with high-

er velocity gradients at the wall.

After the third-order differential equation is solved,

subject to the slip-flow boundary condition, the resulting

stream function, f(g), can be numerically differentiated

to yield the velocity field and wall shear stress, sw, distri-

butions, i.e.,

sw ¼ q1=2l1=2u3=2
1

x1=2
f 00ð0Þ ð8Þ

Re-arranging this result in terms of the local Reynolds

number and deriving an analogous result for the Nusselt

number (note: analogous results for both specified wall

temperature and heat flux cases), yields [16]

sw

qu2
1
¼ f 00ð0Þ 	 Re�1=2

x ð9Þ

Nux ¼
hx
k
¼ h0ð0Þ 	 Re1=2

x ð10Þ

Within the embedded microchannels, the wall shear

stress is characterized by slip-flow momentum exchange

and intermolecular interactions near the microchannel

walls. Unlike macroscale systems with a no-slip condi-

tion at the wall, the slip-flow conditions and spatial

changes in the microwetting ability of the fluid can lead

to lower shear stresses along the walls. Such variations

have been previously investigated for gases [3] and liq-

uids [24]. Choi et al. [24] have reported higher water flow

rates induced by a different surface coating along a

microchannel wall, thereby indicating a variation of slip

velocity and shear stress along the wall. Such slip-flow

effects increased when the channel height decreased

and the wall shear stress increased.

The percent reduction of wall shear stress due to the

slip-flow condition, as compared to the no-slip solution,

can be determined from the previous similarity solution.

The result can be expressed as 100%(0.3321 � f00(0)),

where f00(0) refers to the result from the slip-flow solution.

The value of 0.3321 corresponds to the conventional Bla-

sius solution with a no-slip velocity at the wall [19]. Martin

and Boyd [3] investigate the validity of key assumptions

adopted in this similarity solution analysis. At all loca-

tions except the leading edge, it is considered that the

streamwise velocity gradient is much smaller than the

cross-stream (y-direction) gradient. Combining both Bla-

sius and Stokes flow solutions allows the numerical pre-

dictions to accommodate the singularity at x = 0 [3].
3. Predicted friction and thermal irreversibilities

In this section, entropy production related to con-

verging embedded microchannels is considered (see
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Fig. 2). Friction and thermal irreversibilities are in-

cluded within the total entropy production. The convec-

tive heat transfer involves laminar external flow past the

flat plate in steady-state conditions. Local fluid acceler-

ation due to an area change within a converging micro-

channel interacts with the boundary layer above the

microchannel. As a result, a closed microchannel mass

balance cannot be directly applied to near-wall varia-

tions of fluid velocity.

The total entropy production over a plate of length L

and a width ofW consists of a thermal irreversibility and

a friction irreversibility, which can be expressed as [16]

_Sgen ¼ q00

T1

� 	2 Z W

0

Z L

0

dxdy
h

þ u1
T1

Z W

0

Z L

0

sw dxdy ð11Þ

Substituting the previous correlations for the convection

coefficient, h (based on the Nusselt number), and

wall shear stress, sw, the total entropy production

becomes

_Sgen ¼ q002m2

kT 2
1u

2
1

 !Z ReL

0

Z W

0

Re1=2
x

h0ð0Þ dy dRex

þ u1l
T1

� 	Z ReL

0

Z W

0

f 00ð0ÞRe�1=2
x dy dRex ð12Þ

The integral from 0 6 y 6W consists of n integrations

over each microchannel surface and the remaining no-

slip portion of the plate, which is interspersed between

these microchannels. The plate can be sub-divided into

slip-flow regions (n microchannels; integrated over

0 6 y 6Ws + 2d) and the remaining no-slip regions

(integrated over 0 6 y 6W � nWs). The flat plate region

of slip-flow conditions is further sub-divided over the

parallel microchannel section and the converging section

(integrated over 0 6 y 6 d; see Fig. 2).

The no-slip region is also sub-divided into two dis-

tinct parts. When both parts are grouped together, the

sub-divided regions entail a slip-flow integral (n micro-

channels; integrated over 0 6 y 6Ws + 2d) and a no-slip

integral (integrated over 0 6 y 6W � nWs) minus an

integral involving slip minus no-slip integrands (2n sec-

tions; integrated over 0 6 y 6 d). Then, the total entropy

production over the plate becomes

_Sgen ¼ q002m2

kT 2
1u

2
1

 !
n
Z ReL

0

Z W sþ2d

0

Re1=2
x

h0
sð0Þ

dy dRex



þ
Z ReL

0

Z W�nW s

0

Re1=2
x

h0
nsð0Þ

dy dRex

�

þ u2
1l
T1

� 	
n
Z ReL

0

Z W sþ2d

0

f 00
s ð0Þ
Re1=2

x

dy dRex

(

þ
Z ReL

0

Z W�nW s

0

f 00
s ð0Þ
Re1=2

x

dy dRex

)
þ _Sgen,f þ _Sgen,h

ð13Þ
The subscripts s and ns refer to slip-flow and no-slip re-

gions, respectively. Also, the latter two integrals, _Sgen;f

and _Sgen;h, refer to the wall friction irreversibility differ-

ence and wall thermal irreversibility difference due to

slip minus no-slip conditions, respectively, i.e.,

_Sgen;h ¼� q002m2

kT 2
1u2

1

 !
2n
Z ReL

0

Z d

0

Re1=2
x

h0
sð0Þ

� Re1=2
x

h0
nsð0Þ

� 	
dydRex

ð14Þ

_Sgen;f ¼ � u2
1l
T1

� 	
2n
Z ReL

0

Z d

0

f 00
s ð0Þ
Re1=2

x

� f 00
nsð0Þ
Re1=2

x

 !
dy dRex

ð15Þ

Then, the total entropy production over the plate can be

expressed as a sum of entropy production rates for par-

allel microchannels (subscript p) and irreversibility dif-

ference integrals for converging microchannels ( _Sgen;f

plus _Sgen;h), i.e.,

_Sgen ¼ _Sgen;p þ _Sgen;h þ _Sgen;f ð16Þ

The irreversibility difference integrals depend on the

base and outlet expansion angles, h1 and h2. For the case

of thermal irreversibilities,

_Sgen,h ¼ � q002m1=2

kT 2
1u

1=2
1

 !
2n

1

h0
sð0Þ

� 1

h0
nsð0Þ

� 	



Z L cot h2

0

Z L

h
x1=2dxdy ð17Þ

which can be integrated to yield

_Sgen,h ¼ � q002m1=2

kT 2
1u

1=2
1

 !
4

3
n

1

h0
sð0Þ

� 1

h0
nsð0Þ

� 	
L5=2


 cot h2 �
2

5
cot5=2h2tan3=2h1

� 	
ð18Þ

Re-arranging and simplifying,

_Sgen,h ¼ � q02m

kT 2
1u1

 !
0:921nK1:11

1


 cot h2 �
2

5
cot5=2h2tan3=2h1

� 	
Re1=2

L ð19Þ

Similarly, the friction irreversibility difference inte-

gral can be evaluated as follows,

_Sgen,f ¼ � u5=2
1 q1=2l1=2

T1

� 	
2n f 00

s ð0Þ � f 00
nsð0Þ

� �


Z L cot h2

0

Z L

h
x�1=2dxdy ð20Þ

which is integrated to give

_Sgen,f ¼ � u5=2
1 q1=2l1=2

T1

� 	
4n f 00

s ð0Þ � f 00
nsð0Þ

� �
L3=2


 cot h2 �
2

3
cot3=2h2tan1=2h1

� 	
ð21Þ
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Then, re-arranging and simplifying leads to

_Sgen,f ¼ � u2
1l2

qT1

� 	
5:56

4:185 þ 0:96K1:11
1

� 1:328

� 	
n


 cot h2 �
2

3
cot3=2h2tan1=2h1

� 	
Re3=2

L ð22Þ

After combining the integrals together and expressing

the results in terms of non-dimensional variables, the

total entropy production per unit width of plate

becomes

_Sgen

W
¼ q02

kT 2
1

 !�
ð0:461K1:11

1 nk þ 2:008ð1 þ 2n1ÞÞRe�1=2
L

� 0:921

ReW
nK1:11

1 cot h2 �
2

5
cot5=2h2tan3=2h1

� 	
Re1=2

L

�

� u2
1l
T1

� 	
5:56

4:185 þ 0:96K1:11
1

� 1:328

� 	
n

ReW

�


 cot h2 �
2

3
cot3=2h2tan1=2h1

� 	�
Re3=2

L

þ u2
1l
T1

� 	
2:78nk

4:185 þ 0:96K1:11
1

�

þ 0:664ð1 þ 2n1 � nkÞ
�
Re1=2

L ð23Þ

where k = (Ws + 2d)/W and 1 = d/W. By specifying the

appropriate base and exit expansion angles in this result,

other special cases may be obtained (such as parallel

microchannels or plate without microchannels).

The optimal Reynolds number will minimize the en-

tropy production rate. It is determined by differentiating

the previous expression with respect to ReL and setting

that result equal to zero, thereby yielding

ReL;opt ¼
�c2 � c3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 þ c3Þ2 þ 12c1 	 c4

q
6c4

ð24Þ

where

c1 ¼
q02

kT 2
1

 !
ð0:461K1:11

1 nk þ 2:008ð1 þ 2n1ÞÞ ð25Þ

c2 ¼ � q02

kT 2
1

 !
0:921

ReW
nK1:11

1 cot h2 �
2

5
cot5=2h2tan3=2h1

� 	

ð26Þ

c3 ¼
u2
1l
T1

� 	
2:78nk

4:185 þ 0:96K1:11
1

þ 0:664ð1 þ 2n1 � nkÞ
� 	

ð27Þ

c4 ¼ � u2
1l
T1

� 	
5:56

4:185 þ 0:96K1:11
1

� 1:328

� 	
n

ReW


 cot h2 �
2

3
cot3=2h2tan1=2h1

� 	
ð28Þ
Multiplying this optimal Reynolds number by kinematic

viscosity and dividing by the freestream velocity yields

the optimal plate length. At this particular plate length,

the rate of total entropy production is minimized.

Furthermore, the entropy generation number, Ns, is

evaluated as follows,

N s ¼
_Sgen

_Sgen;opt

¼ a
ReL

ReL;opt

� 	�1=2

þ b
ReL

ReL;opt

� 	1=2

þ c
ReL

ReL;opt

� 	3=2

ð29Þ

where the leading coefficients are determined from

a ¼ c1

c1 þ ðc2 þ c3ÞReL;opt þ c4Re2
L;opt

ð30Þ

b ¼ c2 þ c3

c1=ReL;opt þ ðc2 þ c3Þ þ c4ReL;opt

ð31Þ

c ¼ c4

c1=Re2
L;opt þ ðc2 þ c3Þ=ReL;opt þ c4

ð32Þ

The previous result for the optimal Reynolds number

(ReL,opt written in terms of c1, c2, c3 and c4) is substi-

tuted into these expressions, thereby yielding a closed

form expression for the entropy generation number.

For a fixed rate of heat transfer, q 0, a large surface

length would reduce the temperature difference (between

fluid and wall) required to achieve q 0, thereby reducing

the input power needed to maintain Tw. But the surface

friction increases with a larger surface length, thereby

increasing the input power to establish a certain flow

rate of fluid passing over the surface. A smaller surface

length reduces the total friction and input power, but

at the expense of a higher thermal irreversibility and in-

put power associated with the higher temperature differ-

ence to maintain q 0.

The best compromise from an overall energy utiliza-

tion viewpoint is considered to occur when the entropy

generation number is minimized, thereby minimizing

the overall power required to achieve both desired heat

exchange and mass flow rates. Alternatively, irreversible

losses of energy availability (or exergy), due to heat ex-

change and dissipation of kinetic energy to internal en-

ergy, are minimized.
4. Results and discussion

In this section, numerical results are presented to

demonstrate examples of the micro-profiling technique

for reducing surface friction and entropy production.

Fig. 3 compares predicted values of entropy generation

for parallel embedded microchannels and a benchmark

solution for external flow without microchannels (docu-
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Fig. 3. Comparison of predicted entropy generation with benchmark result.

G.F. Naterer / International Journal of Heat and Mass Transfer 48 (2005) 1225–1235 1231
mented in Ref. [16]). Helium flow at 400 K and a surface

heat transfer rate of 200 W/m are considered. Other

problem parameters are shown in Fig. 3.

It can be observed that the embedded surface micro-

channels (dashed lines) have successfully reduced the en-

tropy production below the minimum value obtained

without microchannels (benchmark solution). Lower

friction irreversibilities due to slip-flow conditions and

reduced drag within each microchannel, overcome the

added irreversibility of larger surface area with the

embedded surface microchannels, particularly as the slip

coefficient increases.

In Fig. 3, the predicted results agree closely with the

benchmark solution when the slip coefficient becomes

zero (i.e., no-slip limit case). Since the microchannels oc-

cupy additional surface area with friction, the result with

2800 microchannels and K1 = 0 slightly exceeds the

benchmark result. The minimum point is shifted right-
100
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1,000,000

100

T

R
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,o
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q' = 10 W/m; K1 = 0
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q' = 100 W/m; K1 = 1
q' = 100 W/m; K1 = 5

T = 40 m/s
n = 1,500
λ = 0.0005
ζ = 0.0001

Fig. 4. Change of optimal Reynold
wards when the slip coefficient increases. The entropy

production continues decreasing at higher Reynolds

numbers (or plate lengths). The proportion of friction

irreversibility decreases at higher slip coefficients, rela-

tive to the thermal irreversibility.

The change of optimal Reynolds number at varying

temperatures is depicted in Fig. 4. Air flow at 40 m/s

with 1500 embedded parallel microchannels is consid-

ered. Other problem parameters are shown in Fig. 4.

Heat fluxes of q 0 = 10 W/m (lower set of curves) and

q 0 = 100 W/m (upper set of curves) are considered. The

results for ReL,opt are shown, while the optimal plate

length can be obtained after multiplying ReL,opt by kine-

matic viscosity and dividing by freestream velocity.

The optimal plate length minimizes the exergy

destruction of friction and thermal irreversibilities,

thereby minimizing the net power required to deliver

specified rates of heat exchange and mass flow across
1,000

 (K)

Higher Heat Flux

Lower Heat Flux

s number with temperature.
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the surface. For Reynolds numbers below ReL,opt, the

friction irreversibility is reduced with a smaller surface

area and net friction, but higher thermal irreversibilities

arise due to a higher surface temperature and input

power needed to transfer q 0 over a smaller area. On

the other hand (values above ReL,opt), the thermal irre-

versibility decreases with a larger surface area available

to transfer the fixed heat flow. But this reduction comes

at the expense of higher friction irreversibility, when the

larger surface area leads to added surface friction.

Thus, the thermal irreversibility increases and the

friction irreversibility diminishes when the surface length

becomes smaller, thereby yielding a crossover point at

ReL,opt where entropy production is minimized. The

thermal irreversibility is proportional to DT (tempera-

ture difference between fluid and wall) and q 0 (heat flow

rate), while being inversely proportional to T2 (free-

stream temperature). The crossover point at the intersec-

tion of each irreversibility curve occurs at ReL,opt, which

decreases when the freestream temperature rises (see Fig.

4). Also, Fig. 4 indicates that ReL,opt decreases with low-

er slip coefficients, at a given freestream temperature and

surface heat flux. The friction irreversibility rises slower

and the crossover point of optimality is reduced. The

solid line curves with K1 = 0 in Fig. 4 outline the limiting

case of no-slip conditions for boundary layer flow.

Air flow at 290 K and 1200 converging surface micro-

channels with an exit angle of 0.85 rad is studied in Fig.

5. The change of optimal Reynolds number with varying

base angle, heat flux and slip coefficient is shown. For

each case, ReL,opt reaches a maximum value at a certain

base angle. This angle largely affects the proportion of

no-slip conditions over the plate, thereby altering the rel-

ative magnitudes of friction and thermal irreversibility.

The value of ReL,opt rises when added surface area is

needed to overcome higher thermal irreversibility and
10,000
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θ1 (

R
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op
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q' = 15 W/m (K1 = 0

Air (290 K), d/W = 1.0E-0
n = 1,200, θ2 = 0.85 (rad)

Fig. 5. Change of optimal Reynolds nu
minimize the combined friction and thermal

irreversibilities.

In Fig. 5, ReL,opt increases at higher surface heat

flows and lower slip coefficients. In the former case,

the thermal irreversibility rises at higher wall heat trans-

fer rates, while additional surface area (higher Reynolds

number) offsets this trend with added surface friction.

Similarly, added plate length and surface friction are

considered to offset the reduction of friction irreversibil-

ity at lower slip coefficients.

Similar trends with respect to the exit angle are ob-

served in Fig. 6, except that a minimum point of ReL,opt

arises, rather than a maximum point. Air flow at 300 K

with a wall heat transfer rate of 20 W/m is investigated.

The optimal Reynolds number remains nearly constant

with 100 microchannels, as no-slip conditions have a

minor impact when the plate is predominantly covered

with a flat no-slip surface.

As discussed previously, ReL,opt increases at lower

slip coefficients. The slip coefficient depends on the tan-

gential momentum accommodation coefficient at the

wall, which changes with the near-wall effective rough-

ness of the embedded microchannels. An important

parameter affecting this coefficient involves the local

Knudsen number. In this application, the Knudsen

number is determined from the microchannel depth

and width. Otherwise, a shallow depth and large width

could produce the same Knudsen number, but without

realistically yielding slip-flow conditions. Altering the

geometrical profile of the embedded microchannel could

influence the slip coefficient, based on its dependence on

the local Knudsen number.

The Knudsen number, Kn, characterizes the degree of

rarefaction of fluid motion. It represents the ratio of the

mean free path of molecules to a characteristic length

scale of the problem. The continuum assumption of fluid
0.10 1.00
radians)

.1)

.4)

.1)

.4)
Higher Heat Flux

Lower Heat Flux
(Converging Microchannels)6

mber (converging microchannels).
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Fig. 6. Change of optimal Reynolds number with varying contraction angle.
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flow is considered to be valid when Kn 6 10�3, while

free molecular flow occurs when KnP 10. Between

these two limits, the slip-flow regime exists within the

range of 10�3
6 Kn 6 10 and a transition region occurs

for 10�3
6 Kn 6 1. A similar condition of temperature

discontinuity exists for the thermal problem, but ‘‘no-

jump’’ (thermal problem) replaces the expression of

‘‘no-slip’’ (flow problem). The boundary between the

slip-flow and transition regimes is considered to be prob-

lem and geometry dependent.

The principles underlying the no-slip/no-jump condi-

tions for velocity and temperature require that there

cannot be any finite discontinuities of velocity/tempera-

ture at the wall. Such discontinuities would entail infinite

velocity and temperature gradients, thereby leading to

infinite viscous stresses and heat fluxes. Based on contin-

uum theory, the no-slip/no-jump conditions require an

infinitely high number of collisions between the fluid

and solid surface. In practice, such assumptions lead
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1,000,000

100 1

R
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Fig. 7. Change of optimal Reynolds number
to reasonably accurate predictions, provided that

Kn 6 0.001 for gases.

But for flows at higher Knudsen numbers, the mean

free path of molecules is no longer small compared to a

characteristic length of the micron or sub-micron device

(such as the microchannel height). In the transition to

slip-flow conditions, the classical definition of bulk vis-

cosity may become invalid. A molecule may reflect from

several walls before colliding with a fluid molecule trav-

eling in the principle flow direction. Additionally, a mol-

ecule may travel a distance of several channel heights

before colliding with another molecule. Thus, the pres-

ence of the wall is less effectively propagated to the fluid

molecules traveling in the principle flow direction. These

processes have significance when interpreting various

trends of varying slip coefficients in previous results.

Another sensitivity study involving ReL,opt is de-

picted in Fig. 7. It is known that the friction irreversibil-

ity rises and the thermal irreversibility falls with larger
,000 10,000
n

Air (300 K)
d/W = 1.0E-05
θ1 = 0.2 (rad)
θ2 = 1.0 (rad)
(Converging Microchannels)

with varying number of microchannels.



Table 1

Coefficients of entropy generation number

N s ¼
_Sgen

_Sgen;opt

¼ a
ReL

ReL;opt

� 	b

þ c
ReL

ReL;opt

� 	d a b c d

Embedded surface microchannels 0.5 �0.5 0.5 0.5

Plate; condensation 0.667 �0.667 0.333 1.333

Tube; internal flow 0.856 �0.8 0.144 4.8

Plate; external flow (laminar boundary layer) 0.5 �0.5 0.5 0.5

1
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Microchannels)

Fig. 8. Comparison of predicted entropy generation number with benchmark result.
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surface area. Surface friction increases when the plate

length increases, but a smaller temperature difference is

needed to transfer a specified heat flow. Fig. 7 suggests

that the optimal surface length decreases when more

converging surface microchannels are added. Added sur-

face area appears to slightly offset the reduced friction of

lower slip coefficients, so a shorter plate length is needed

to minimize the combined friction and thermal irreversi-

bilities. It is interesting to observe that a crossover point

occurs, with a crossover at fewer microchannels for the

higher heat flux case. At the crossover point for a spec-

ified heat flux, a smaller optimum crosses over and be-

comes a relatively longer length, as compared with the

lower slip coefficient curve. The thermal irreversibility

decreases with additional microchannels, but the change

of friction irreversibility to offset that reduction varies

with slip coefficient.

Additional comparisons of entropy generation trends

are shown in Table 1 for various flow configurations,

including forced convection [20], condensation of steam

at 1 atm [25] and parallel surface microchannels. The

previous studies of film condensation considered both

interfacial shear stress and gravitational effects on the

film flow along the flat surface [24]. The entropy gener-

ation numbers for external flow with embedded micro-

channels and film condensation are lower than the case

involving tube flow. In the latter case, surface curvature
of the tube requires that the area available to momen-

tum and heat transfer diminishes in the radial direction,

when the fluid is heated by the wall. Thus, higher entro-

py production arises with larger resulting gradients of

temperature and velocity near the wall, since those spa-

tial gradients characterize the thermal and friction irrev-

ersibilities therein.

Although Table 1 suggests that the correlation coef-

ficients of entropy production for parallel microchannels

matches the case without microchannels, Fig. 8 confirms

that the entropy generation numbers can be controlled

with micro-profiling of converging surface microchan-

nels. The results demonstrate that drag reduction of

slip-flow conditions within embedded surface micro-

channels can successfully reduce entropy production of

convective heat transfer in external flow applications.
5. Conclusions

Surface micro-profiling provides a useful technique

of reducing entropy production of convective heat trans-

fer. Reduced drag of slip-flow conditions within the

embedded microchannels overcomes the friction irre-

versibility due to added surface area. A similarity solu-

tion of boundary layer flow was used to predict

entropy production for both no-slip and slip-flow re-
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gimes. The predicted results show that helium flow past

2500 open microchannels and a slip coefficient of 2

yields lower entropy production than standard flat plate

flow. The optimal Reynolds number decreases at higher

temperatures, higher slip coefficients and more embed-

ded microchannels. Predicted results at the no-slip limit

case (K1 = 0) are successfully validated by comparisons

to a benchmark result without surface micromachining.

Also, comparisons against film condensation and inter-

nal tube flow are presented. In contrast to conventional

methods of reducing entropy production, such as opti-

mized fins and baffles, the current technique of surface

micro-profiling takes advantage of emerging technolo-

gies of microfabrication and microfluidic energy

conversion.
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